Multiple-unit ownership of nondurable products is an important component of sales in many product categories. Based on the Bass model, this paper develops a new model considering the multiple-unit adoptions as a diffusion process under the influence of product sampling. Though the analysis aims to determine the optimal dynamic sampling effort for a firm and the results demonstrate that experience sampling can accelerate the diffusion process, the best time to send free samples is just before the product being launched. Multiple-unit purchasing behavior can increase sales to make more profit for a firm, and it needs more samples to make the product known much better. The local sensitivity analysis shows that the increase of both external coefficients and internal coefficients has a negative influence on the sampling level, but the internal influence on the subsequent multiple-unit adoptions has little significant influence on the sampling. Using the logistic regression along with linear regression, the global sensitivity analysis gives a whole analysis of the interaction of all factors, which manifests the external influence and multiunit purchase rate are two most important factors to influence the sampling level and net present value of the new product, and presents a two-stage method to determine the sampling level.
Introduction
Since the new product diffusion model by Bass [1] , diffusion models have played a major role in marketing science for three decades now (Mahajan et al. [2] , Peres et al. [3] ). The accepted application of these models for consumer durable products uses the diffusion model to account for the first purchase and the remaining sales by a household (Ratchford et al. [4] ). Multiple-unit ownership is common in the purchase process, such as shampoo, washing powder, and toilet paper; however, the accepted approach is incomplete. For these products, a model of multiple-unit ownership is an important component of a manager's toolbox for overall sales trends. More importantly, knowledge of the multiple component trend is valuable for developing product and marketing strategies since user requirements for additional units are often quite different than for the first-purchase units. Bayus et al. [5] proposed one such model of multiple purchases with an age-based formulation similar to replacement models, but their model was developed to forecast the short-term sales of color television which is a durable product. Steffens [6] pointed out that the sales of multiple-unit adoptions for televisions have been higher than those of both first adopts and replacement purchase since 1977, while for automobiles, they have represented more than 20% of sales since 1966 in Australia. All of them focus on the durable products, but limited attention is paid on the nondurable products. The development of multiple purchase sales models is in its infancy.
When a new product is launched into market, managers want to know the sales and consumer acceptance rate of the new product in the market (Wang et al. [7] ), but consumers may not effectively identify the product's new features; the best way to demonstrate a product's superiority is to get the customer to try it. According to a survey conducted, 75% of the major corporations in the survey use free samples as a promotional tool for their new products and 52% use it for their established products. Jain et al. [8] firstly introduced the sampling variable into the Bass model to study the diffusion of innovation, and they pointed that sampling is not only free but has a cost, sampling too little cannot get the expected effect and offering too many free samples is a waste of a firm's resources; an appropriate sampling level is very important. Lammers [9] pointed out that sampling is an effective way of promotion and it can enhance the sales volume in a short time, keeps customer loyalty, and encourages consumers to purchase and repeat purchase, and it is highlight in fast moving consumer goods. Hu et al. [10] and Hu [11] pointed out that free samples can promote the diffusion of new product and also analyzed the influence of individual product diffusion caused by free samples under different price strategies.
In reality, sampling has two effects, according to Heiman et al. [12] , the first is the short-term effect, which reflects the change in the probability of a consumer purchasing a product immediately after having being sent free samples, and the second is the long-term effect, which increases the consumers cumulative goodwill formation. In the practical marketing, there are several common cases for product sampling: (1) sampling for experience, for example, a firm usually gives a small bottle/bag of perfume to a customer for experience; (2) sampling for multiple-unit purchase, the firm would also like to give a free one if multiunits were purchased at a time, such as the sale of toothpaste, which may not be considered as free sample in some literature; (3) sampling for bundling sale, the firm would like to sell a bag of toothpaste and toothbrush, whose price is slightly lower than the price of independent sale of toothpaste and toothbrush, but would not like to give a free sample of a bag of toothpaste together with a toothbrush. Sometimes, the firm, however, would like to give a free sample of toothbrush for multiple-unit toothpaste purchase. For these cases, this paper only considers the first case.
Above all, most previous researches are based on the durable product, and product sampling plays an important role in the product diffusion. Comparing to the individual adoption case, this paper establishes an optimization model by considering the multiple-unit ownership as a diffusion process and incorporating the impacts of product sampling and mainly analyzes the product sampling level; specifically, the paper makes a comparison analysis of product diffusion under multiple-unit purchase and individual purchase and then makes a sensitive analysis to find the relationship between the factors and sampling level for giving some significant meanings of marketing management. The rest of the paper is organized as follows. Section 2 states the problem and presents the assumptions and basic model. Section 3 presents the numerical simulation computation for the sampling level and Section 4 gives a sensitive analysis of those factors. Section 5 makes the conclusion and suggestions for further research and the underlying approach.
Model Building
Combining the individual purchase with the multiple-unit ownership of new product, this section presents a statement about the problem at first and then establishes an optimization diffusion model based on Bass model by considering the impact of sampling. [13] said that the essence of a new products diffusion process is the product information exchanged by which one individual communicates a new product to one or several others. The phenomena of individual adoption of new product and its diffusion through a population have received much attention, but research within the diffusion paradigm that explicitly considers multipleunit ownership of nondurable products is almost nonexistent. For products where multiple-unit ownership is common, especially for the household, the implicit assumption that all purchases are individual adoptions clearly diminishes over time. So the group of adopters can be divided into two kinds: the ones who just purchase one product each time and the others do multiple purchases; the diffusion pattern of individual purchase and multiunit purchase is shown in Figure 1 . Thus, in the whole process of diffusion, the consumers divided into two kinds: buyers and unknown consumers. Some unknown consumers become buyers after being impacted by the external influence (e.g., advertisement); other unknown consumers will buy the product due to the internal influence (e.g., oral communication).
Problem Statement. Li and Jin
Although sampling is an effective way for a firm to increase sales, the use of free samples mainly focuses on the following products. (1) Products, which allow consumers to experience the significant difference, should be easily drawn the distinction by the consumers contacting the products, such as beverages and biscuits. (2) Low-value consumable products, compared to expensive products (such as electrical appliances, whose costs are so high that they are not reasonable as free samples), deserve to be sampled.
Based on the analysis above, some assumptions for the model are presented as follows.
(1) Diffusion process of a new product is independent of other new diffusions.
(2) The geographic boundaries of the social system do not change over the diffusion process.
(3) Nature of a product does not change with the time.
(4) There are no supply restrictions.
(5) The diffusion process is binary. The models assume that potential adopters of an innovation either adopt or do not adopt the innovation.
(6) Sample is given only once to one customer.
The notations of the problem are shown below in the notations section.
Model Development.
In Figure 1 , the consumers are divided into two kinds: the individual adoptions and the multiple-unit adoptions; consumers can choose individual purchase or multiple-unit purchase when they just need the products; here represents the average volume of multipleunit adoptions according to statistical significance. The portion of the individual adoptions diffusion is based on the Bass diffusion model. Since the idea of owning multiple units is considered new by the consumers, the multiple acquisition can be viewed as an innovation; therefore, multipleunit adoptions can be viewed as a diffusion process that corresponds with the Bass diffusion model. The first purchases or the first sampling (one unit)
Multiple-unit purchases Accordingly, the potential multiple-unit adopters are ( ), which follows the idea of Steffens [6] , and analogous to the Bass model, adoptions are driven by external influence and internal influence. So the fundamental diffusion model can be expressed as follows:
M(t)
In (1), the initial values for (0) and (0), which respectively represents the volume of the new product adopter and the multiple-unit purchasers at time zero, have been assumed to be zero.
Impact of Sampling.
Sampling is used to demonstrate a product's superiority and to get a potential customer to try the new product. Mahajan et al. [2] postulated that product sampling can be an effective way to create an initial pool of "adopters. " The goal of product sampling for the firm is not only to initialize the diffusion process but also to improve brand loyalty. And during the diffusion process, the consumer can be divided into two groups: the group who gets the free samples and the group who purchases the product; that is,
where
= (0) (0), and, especially, ( ) = 1 means all of the people getting the free samples at period have not adopted the product before.
Hence, the adopters include purchasers and the people who get the free sample. The sum of the adopters cannot exceed the upper limit of the potential adopters so that
Sales Function.
As discussed above, the adopters contain two parts: the consumers who insist on buying only one product and the consumers who insist on multiple adoption.
In the case of multiple-unit adoption, based on the research on multiple adoption by Steffens [6] and Tseng and Hu [14] , means the average purchase amount of individual consumers in multiple adoption which includes the free one, so the adopters only pay for − 1 units products. Then the sales volume is
Objective Function.
One may also argue that product sampling is expensive for the firm, so it may not be economical to give free samples to every potential adopter. As a result, serious consideration must be given to the question of how many samples should be distributed. The firm needs to determine the "right" amount of sampling to avoid the unnecessary costs. Namely, one can get the objective function to maximize the net present value (NPV) of the firm given by
where the cost of handling the sample is ℎ per unit; it includes labor and material cost of wrapping, shipping, and handling the sample but does not include the cost of production . (≤ ) is the cost of experience sampling, and ( ) is the price of the product at time .
The Optimization Model.
Taking multiunit ownership into consideration, a model given below can be established to provide an analytical framework for incorporating explicitly the effects of product sampling on the new product diffusion:
In the model (6), the optimal levels of product sampling are the values of ( ) (= ( ) / ) ( = 1, 2, . . . , ) at which the NPV achieves the maximum value. Although the model (6) specifies the optimization formulation to determine the optimal size of product sampling, and those variables cannot be integrated to generate an explicit closed form to determine ( ). They, however, can be solved numerically to find the optimal values of ( ) for given values of , 1 , , 1 , , , , and ℎ. Assuming various values of these parameters, the model can be solved numerically later to obtain some flavor about the nature and role of product sampling on the diffusion process of multiple-unit ownership.
Analysis of Product Sampling
In the product diffusion process, the timing and the volume of sampling are very important decision variables for the firm. How to play the role of sampling policy and how the firm determines sampling rate to achieve the maximizing profits according to the actual situation would be discussed here. To facilitate comparative analysis, some parameters, referenced to the literature of Jain et al [8] and Mahajan et al. [2] , are defined as follows. The potential market is assumed to be constant during the diffusion process and the firm's goal is to maximize the profit; hence the analysis of sampling's impact on the diffusion would be made. Corresponding to the different purchase behavior, individual adoption case ( = 0) and multiunits adoption case ( ̸ = 0), the sampling level may be changed.
3.1.
Case of = 0. When = 0, there is only individual adoption in the market, the objective of sampling is to initiate the diffusion process. In case of without sampling, the NPV is $142.89 million, and the sales peak is gotten at period 10. The NPV is enhanced about 3.14%, when there exists experience sampling, and the sales peak is brought forward by two periods (Figure 2 ). The optimal sampling time is at time zero and sampling level is 3.9% (Table 1 ). All these manifest that sampling is an effective promotion tool to accelerate the diffusion process, and the comparative analysis of sampling shows that sampling at time zero can get higher NPV. Thus, a new product is being launched in the market; the firm needs to send few free samples to make the consumers realize the product, and the consumers would become the potential adopters. 
Case of
The case of ̸ = 0 means there is multipleunit adoptions in the whole diffusion process. In case of individual adoption, sampling promotes the diffusion and advances the sales volume peak period, thus increasing the firm's profit. Similarly, with multiunit purchase behavior, sampling speeds up the diffusion process, the optimal NPV is higher than the case of only individual adoption whether there is sampling or not (Table 1) , and the extent of growth is between 5.7% and 8.2%. Obviously, the optimal NPV is higher because of higher sales volume; the sales under multiple-unit purchase are 14% higher than sales under individual purchase (Figure 3) . When the potential consumers are determined, customers with the ratio of choose to bulk-purchase, the multiunit purchase behavior can increase the impact of oral communication as well as single purchase, advance the sales peak, and speed up the diffusion of the product and increase firms profits. At the final stage of the diffusion process, the adopters would be more with sampling, so sampling not only promotes the diffusion but also increases the sales volume.
Sensitivity Analysis
Model (6) is a nonlinear optimization problem; if the parameters are changed, the sampling level may be changed as well. Hyman [15] said that the acceptability of parameter estimation procedures is dependent upon the error sensitivity of these models. And Wang and Chang [16] conducted a research of efficient parameter estimation method for multiple generation product forecasting by using the hybrid genetic algorithm (HGA). For analyzing the stability of the optimal sampling level under different parameters, this section mainly analyzes the relationship between the parameters and the sampling level. The results would allow one to understand under which conditions of parameter values the NPV and sampling level could be the best.
Parameters Selection.
The variables selected for the sensitivity analysis include continuous variables: the diffusion parameters (external coefficients , 1 and internal coefficients , 1 ) because the impact of different levels of corporate advertising, the innovation coefficients, and imitation coefficients will appear different. Considering the multiple-unit adoption diffusion, the ratio of multiple-unit adopters ( ) has a significant impact on the diffusion process. Sultan et al. [17] gave a meta-analysis of applications of diffusion models with 213 groups data in 15 papers shown below: for the analyses fitting on the equations above, the maximal coefficients of external influence is 0.23 and the minimal one is 0.00002; the maximal coefficients of external influence is 0.99 and the minimal one is 0.00003. To have a comprehensive analysis of these parameters, the parameters and classification levels are shown in Table 2 . In total, there are 5 4 * 4 = 2500 treatments. For each experiment running, MATLAB would output the NPV and sampling level in time. To better know how much the parameters affect the sampling level and to determine which parameters have greater influence on the diffusion, the following analysis would use statistical analysis to make better understanding in the relationship between the experimental parameters and the NPV and sampling level.
Local Sensitivity Analysis.
With the increase of external coefficients, , sampling level is declining and decreasing to 0% as the external influence is high enough (Figure 4 ). Given higher value for external coefficients, there would be enough innovators to adopt the product, and attempt to generate additional innovators through sampling may be a waste of resources. However, the sampling level increases along with the increase of the external coefficients of multiunit adoptions, 1 , and the rate of increase gradually decreases, when 1 = 1.2, the sampling level is more than 6% ( Figure 5 ).
1 increase means that the idea of purchasing multiple-unit in the consumers is strong, since the consumer would choose whether to do a multiple-unit purchase after they try the product, so it deserved the firm to send more free samples to let the consumer try it. As shown already, four curves respectively express the sampling levels with different ratio of multiunit adopters. The more multiunit adopters, the more sampling worth sending; because of the higher sales volume when the consumers multiple-purchase, the marginal benefit of sampling is larger. Figure 6 shows the influence of internal coefficients, , on sampling level. If = 0 or = 0.1, with the increase of internal coefficients, sampling level is increasing at first, and when the internal influence increases to a certain value, the sampling level begins to drop. This situation means the oral communication effect increases as the internal influence increases; the firm needs more free samples to make consumers get a deeper realization of the product; and when the internal influence increases to a certain level, oral communication would promote the diffusion of product, and this time more sampling only increases the cost. However, when the multiunit adopters are more enough (like = 0.2 or = 0.3), the adopters could form a strong effect by oral communication and it would promote the product diffusion, so the sampling level is declining with the increase of internal coefficients. Similarly, 1 represents the oral communication influence of multiunit adopters; it has little influence on the sampling level (Figure 7) . Because if the consumer choose to do a multiple-unit adoption, the communication among the multiunit adopters is so large that the free samples has little attractive.
Global Sensitivity Analysis.
As opposed to local sensitivity analysis methods, Bolade and Pavel [18] said that global sensitivity analysis explores the full phase space of input parameters. To better develop further insight into the impact of every parameter on the whole model, this subsection turns to global sensitivity analysis and runs a full-factorial experimental design with five parameters at five levels each. Firstly, the regression analysis is shown with the experimental parameters as independent variables to analyze the impact of each parameter on NPV and sampling level through the -statistic for its respective regression coefficients. Then removing the nonsampling sample cases, a linear regression analysis of the sampling level determination for samples cases is presented. The results show that the determination between the experimental parameters and dependent variables is greatly increased in this way.
Correlation Analysis.
Pearson correlation coefficients test for testing the correlation between the parameters and NPV and sampling level is shown in Table 3 . (1) Product external coefficients and internal coefficients have a positive influence on the NPV; however, both of them have a negative influence on sampling level. (2) For coefficients 1 , it is not significant with NPV and sampling level because the value equals 0.7069 and 0.8493, which exactly corresponds to Figure 7 . (3) Variables of , 1 , and are significant at < 0.05 which shows the strong correlation between the parameters , based on the 2500 experiment data sets. Tables 4 and 5 present the -value and the significance levels to summarize the level and direction of the particular variable's influence. The significant levels ( < 0.0001) and the adjusted -squares (0.5811 and 0.9305) indicated that the effect of interaction between them is relative strong. Given by their -values, parameters are ordered as > 1 > > with respect to their influences on the sampling level differences. With respect to NPV level, the ordering is > > sl > 1 > . This ordering indicates that in the diffusion process, the external influence of the product and the ratio of multiple-unit adopters are the two most influential parameters to influence the NPV and sampling level. For = 0, the sampling level and NPV equal 3.9% and $147.29 million, respectively (shown in Table 1 ). When considering the multiunit purchase ( = 0.1), the sampling level and NPV are 5.8% and $173.52 million, which confirms that the ratio of multiunit adopters has an obvious influence on both sampling level and NPV just as the shown orderings.
Logistic Regression.
Actually, among 2500 sets of experimental data, 1410 sets of them need sampling, and others do not need it, so the above regression models cannot be sufficient to fully explain the sampling level differences. To make more accurate analysis, logistic regression analysis is first used to distinguish whether sampling is needed, then linear regression is discussed for the needed sampling cases.
Here sampling or not could be a discrete variable as dependent variable of logistic regression model, defining a dependent variable, sampling level (sl), which means sampling level is to be 1 if sampling is needed and to be 0 otherwise. To use the logistic regression model for discrimination analysis, compute an estimate of the probability that sl is equal to 1 given the values of the predictor variables to decide whether sampling is needed. If the estimated probability is less than 0.5, the sampling is needed.
The chi-square test in Table 6 indicates that the predictor variables being used are statistically significant predictors. The test considers all predictors variables simultaneously.
Logistic regression analysis gives a probability to decide whether sampling or not; Table 7 contains the classification summary matrix for 2500 sets of data; the column of sl dummy and the labels on the top show the groups whether sampling or not. It can be seen that 97.71% of the data without sampling would be classified correctly by the logistic discriminant rule and that 1400 of the 99.29% sets of data with sampling would be classified correctly.
According to Jassim [19] , logistic regression has less stringent requirements than linear regression models in general, but it requires the observations to be independent and the independent factors are linearly related to the logit of the response variable. To show how the variables affect the probability, Table 8 
Putting the original parameters ( = 0.02, 1 = 0.3, = 1 = 0.35, = 0, or = 0.1) into the logit function, the estimated probability of individual adoption and multiunit adoption is 0.00197 and 0.00143, respectively, which is far less than 0.5, indicating that whether with or without multiunit adopters, sampling is needed.
Linear Regression for Sampling.
Based on the discussion above, the 1410 sampling experiments are taken out from the total 2500 experiments to do a multiple linear regression, considering the sampling level and NPV as dependent variables, respectively. Tables 9 and 10 are the statistics of multiple  linear regression for selected sampling experiments and NPV, showing that , 1 , , and variables in the regression model are significant at < 0.0001, which confirms the above results.
(1) The adjusted -square increases significantly from 0.5811 to 0.8934, which illustrates that the relevance of the parameters and the sampling level has improved a lot and the adjusted model fits the sampling level very well. Meanwhile, through the statistics analysis of NPV with the 1815 selected experiments, the adjusted -square also increases from 0.9305 to 0.9538, which suggest that the selected experiments have little influence on the NPV.
(2) The values of and are negative and 1 , are positive, so with the value of and increasing, sampling level will decrease, and increasing 1 , , sampling level will increase, which is the same as local sensitivity analysis. Due to the value of 1 being 0.3357, the value of is not significant with NPV and sampling; this data are more convincing to show that this model fits the sampling data very well.
(3) The ratio of predicted residual SS (0.05244) and sum of squared residuals (0.05196) is 1.0092, approaching 1, which also indicates that the adjusted model is more accurate than the earlier one. 
After substituting the parameters ( = 0.02, 1 = 0.3, = 1 = 0.35, = 0, or = 0.1) into the adjusted sampling level regression model, the adjusted model fits the sampling level much better. Through GLM, it also can predict the sampling level with 95% confidence interval (Table 11 ). All the conclusions illustrate that it is necessary for a firm to conduct logistic analysis to decide whether sampling or not; if sampling is needed, then use the adjusted regression models to get the sampling levels. The discussion above presents a two-stage method to improve the accuracy of making sample level, including several operational steps shown as follows.
Step 1. Find a similar model based on product-related parameters and then fit the diffusion equations.
Step 2. Get the parameters according to the parameter ranges and compute the simulated data under different situations.
Step 3. Make statistical analysis for all obtained simulated data and then take the relevant parameters into logistic regression to see whether sampling or not, which is called stage one.
Step 4. If it is worth sampling, then take these parameters into adjusted sampling level model to determine the accurate sampling level, which is called stage two.
Conclusion
Multiple-unit ownership of nondurable products is an important component of sales in many product categories. However, little attention has been paid to models for multiple-unit ownership in the diffusion literature, specially, the studies of promotion strategies in the model have gotten little attention. This paper, based on the idea of Steffens [6] , established an optimization model for multiple-unit ownership, which characterizes the multiple-unit adoptions as a diffusion process, and has done a sensitive analysis and got some key findings. (1) Comparing the sampling and nonsampling tactics, the appropriate experience sampling could accelerate the diffusion process and advance the sales peak period, resulting in the profit increase. The best time to carry out the strategy is as soon as possible. (2) Compared to the diffusion process under individual purchasing behavior, multiple-unit purchasing behavior can increase sales to create more profit, and it deserves sending more samples. (3) The external influence and multiunit rate are the two most important parameters to influence the sampling level and NPV of the new products in the diffusion process. (4) Through the global sensitivity analysis, a two-stage method is more widely fitted to estimate the relevant parameters in the case of parameters lack of accuracy and to be able to construct a 95% confidence interval for the predicted sampling level. Above all, the paper first solved the optimum sampling level and then used the statistical methods to analyze the sampling trend and verify the optimum sampling trend. The main contribution of this study lies in presenting a two-stage method to analyze whether sampling or not, if sampling, how much should be sent out. So some important managerial benefits of the model and the results are implied. (1) When the firm launches a new product, product sampling is an effective way to promote the product, especially the low-value consumable products that can be multiple-purchased. ( 2) It's better for the firm to use free samples before the products being launched in the market. (3) Before making a decision, the firm needs to do a statistical analysis of the parameters of the products, since parameter combination has an impact on the optimal sampling level.
For above results, these findings can be easily applied into the fast moving consumer goods, but how to use these in reality is a tough issue; the implementation of the model involves following steps: (1) identification of the parameters in the model, such as coefficients of external influence, coefficients of internal influence, and market potential: this can be obtained by getting the historical data and statistical analysis from some consulting companies and market research companies, (2) specification of the discount rate: although the commonly used yearly discount rate is 10%, it depends on the economic condition in reality. Before launching the new product, the sales manager should determine a feasible discount rate, (3) determination of the price of the new product and estimation of the product's unit cost and handling cost: it is a part of the firm's marketing plan, as price is one of the key marketing-mix variables, which can be referred to the prices of similar products or related product prices, and (4) simulation of the parameters and data in the model to obtain the optimal sampling level and give the management suggestions.
A main limitation of above discussion is that the consumers purchasing behavior does not change over the whole diffusion process and the definition of new nondurable product is too ideal to limit the discussion and application. Also, the paper only considered the free samples having positive effects, so an interesting direction of research would be to expand the model by reflecting the negative effects or mixed ones.
Notation

:
Time(from1to ) :
The number of potential adopters :
Coefficients of external influence of the product :
Coefficients of internal influence of the product Number of multiple-unit purchase of the product :
The ratio of multiple-unit adopters.
